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 General information - disclaimer  

 
 This AS and A-level Further Mathematics teaching guidance will help you plan your teaching by further 

explaining how we have interpreted content of the specification and providing examples of how the 
content of the specification may be assessed. The teaching guidance notes do not always cover the 
whole content statement.  

The examples included in this guidance have been chosen to illustrate the level at which this 
content will be assessed. The wording and format used in this guidance do not always represent 
how questions would appear in a question paper. Not all questions in this guidance have been 
through the same rigorous checking process as the ones used in our question papers. 

Several questions have been taken from legacy specifications and therefore represent higher levels 
of AO1 than will be found in a suite of exam papers for this A-level Further Mathematics 
specification.  

This guidance is not intended to restrict what can be assessed in the question papers based on the 
specification. Questions will be set in a variety of formats including both familiar and unfamiliar 
contexts. 

All knowledge from the GCSE Mathematics specification is assumed. 

 

 

 Subject content  

 
 This Teaching guidance is designed to illustrate the detail within the content of the AS and A-level 

Further Mathematics specification.  

Half the subject content was set out the Department for Education (DfE). The remaining half was 
defined by AQA, based on feedback from Higher Education and teachers. 

Content in bold type is contained within the AS Further Mathematics qualification as well as the 
A-level Further Mathematics qualification. Content in standard type is contained only within the 
A-level Further Mathematics qualification. 

As AS Further Maths is designed to (almost exclusively) depend on AS Maths content, there is an 
expectation that resolving of forces (velocities or acceleration) will not appear in AS Further Maths. 
This means that forces will be mutually perpendicular or parallel so that forces do not need to be 
resolved into mutually perpendicular directions in order to solve problems. 

If forces are given in vector form, there is no requirement for them to be mutually perpendicular. 
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 MA  Dimensional analysis  

  

 

 MA1  Finding dimensions of quantities; checking for 
dimensional consistency. 

 

  
 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should be able to: 

• find the dimensions of familiar quantities with compound units (in the case of unfamiliar quantities, units 
will be provided) 

• understand the concept of a dimensionless constant. 

 

 Notes  

 • Fundamental units for mass, length and time will be represented by the symbols M, L and T so that, 
for example, the dimensions of force are represented by MLT –2    

• Questions may require two quantities to be combined and the dimensions of the resulting quantity to 
be found. 

 

 
 Examples  

 1 Which of these is dimensionless? 

Circle your answer. 

 

  The angle turned by 
a wheel The velocity of a train The kinetic energy of 

a falling stone 

The modulus of 
elasticity of an elastic 

band 

 

 
 2 What are the dimensions of momentum?  
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 3 The magnitude of the gravitational force, F, between two planets of masses m1 and m2 with 

centres at a distance x apart is given by 1 2
2

Gm mF
x

=
 
where G is a constant. 

 

  Use dimensional analysis to find the dimensions of G.  

 
                         4 The motion of a simple pendulum can be described by the formula: 

 
 Period of oscillation 

L
g

= π2  

 
 Use dimensional analysis to show that the dimensional symbol for 

L
g

π2 is T. 

 

 Students should be able to check the consistency of an equation or formula by finding the dimensions of 
each term. 

 

 

 Examples  

         1 A car of mass m travels up a slope inclined at an angle θ to the horizontal.  

The car reaches a maximum speed v at a vertical height h above its initial position.  

A constant resistance force R opposes the motion of the car, which has a maximum engine power 
output P.  

Neda finds a formula for P: 

31 sin
sin

2
P mgv Rv mv

h
θθ= + +

 
where g is the acceleration due to gravity. 

Given that the engine power output may be measured in newton metres per second, use dimensional 
analysis to determine whether the formula is dimensionally consistent. 

 

 
 

 2 A pile driver of mass m1 falls from a height h onto a pile of mass m2, driving the pile a distance s 
into the ground.  

The pile driver remains in contact with the pile after the impact.  

A resistance force R opposes the motion of the pile into the ground. 

 

  
Elizabeth finds an expression for R as ( ) ( )2

1
1 2

1 2

 
= + + 

+  

h mgR s m m
s m m

 
 

  where g is the acceleration due to gravity. 

Determine whether the expression is dimensionally consistent. 
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 MA2  Prediction of formulae; finding powers in potential 
formulae. 

 

  
 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should be able to: 

• determine the power of each variable in a partially completed formula 

• predict a formula for themselves, in simple situations. 

 

 Notes  

 Questions may be set in context, which may be unfamiliar, with each variable clearly defined in terms 
of its fundamental units explicitly or as compound units. 

 

 
 Examples   

                          1 A ball of mass m is travelling vertically downwards with a speed u when it hits a horizontal 
floor. The ball bounces vertically upwards to a height of h. 

It is thought that h depends on m, u, the acceleration due to gravity g, and a dimensionless 
constant k, such that β γα=h km u g where α, β and γ are constants. 

By using dimensional analysis, find the values of α, β and γ.  
 

 

 
                      2 The speed v m s–1, of a wave travelling along the surface of the sea is believed to depend 

on 
• the depth of the sea, d m 
• the density of the water p kg m–3 
• the acceleration due to gravity, g 
• a dimensionless constant, k 

so that β γα=v kd p g where α , β and γ are constants. 

By using dimensional analysis, show that β = 0 and find the values of α  and γ. 
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                     3 A rod, of length x m and moment of inertia l kg m2, is free to rotate in a vertical plane about a 
fixed smooth horizontal axis through one end.  

When the rod is hanging at rest, its lower end receives an impulse of magnitude J Ns, which is 
just sufficient for the rod to complete full revolutions. 

It is thought that there is a relationship between J, x, l, the acceleration due to gravity, g m s–2, 
and a dimensionless constant, k, such that β γα=J kx l g where α, β and γ are constants. 

Use dimensional analysis to find the values of α, β and γ. 
 

 

 
 4 The time T taken for a simple pendulum to make a single small oscillation is thought to depend 

only on its length, l, its mass, m, and the acceleration due to gravity, g.  

By using dimensional analysis: 

 

  (a) show that T does not depend on m  

  (b) express T in terms of l, g and k, where k is a dimensionless constant.  
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 MB  Momentum and collisions  

  

 

 MB1  Conservation of momentum for linear motion and cases 
where velocities are given as one or two dimensional 
vectors (resolving will not be required at AS; problems 
that require resolving will be required at A-level). 

 

  

 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should be able to: 

• understand that the momentum of an object is the product of its mass and velocity: 
momentum = mv 

• understand that momentum is a vector quantity 

• use conservation of momentum when two bodies collide:  
m1u1 + m2u2 = m1v1 + m2v2  and m1u1 + m2u2 = m1v1 + m2v2 

 

 Notes  

 Collision problems may be set in a variety of contexts, for example: one body is stationary 
before or after the collision; two bodies coalesce; a single particle splits in two. 

 

 

 Examples  

 1 Two particles A and B have masses of 3 kg and 2 kg respectively.  

They are moving in a horizontal line towards each other. Each particle is moving with a speed of 
4 m s–1. 

 

  

 

 

  (a) If the particles coalesce during the collision to form a single particle, find the speed of the 
combined particle after the collision. 

 

  (b) If, after the collision, A moves in the same direction as before the collision, with 
speed 0.4 m s–1, find the speed of B after the collision. 
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                2 Two particles, A and B, are moving on a smooth horizontal surface. 

A has mass m kg and moves with velocity − 
 − 

15
ms

3
 

B has mass 0.2 kg and moves with velocity − 
 
 

12
ms

3
 

 

  (a) Find, in terms of m, an expression for the total momentum of the particles.  

 
 

(b) The particles A and B collide and form a single particle C, which moves with 

velocity  
k − 

 
 

1ms
1

 

 

   (i) Show that m = 0.1.  

   (ii) Find the value of k.  

 

 3 Two particles, A and B, are moving towards each other in a horizontal line when they collide.  

Particle A has mass 5 kg and particle B has mass 4 kg.  

Just before the collision, the speed of A is 4 m s–1 and the speed of B is 3 m s–1.  

After the collision, the speed of A is 0.6 m s–1 and both particles continue to move in the same 
horizontal line. 

Find the two possible speeds of B after the collision. 

 

 
 4 A child of mass 48 kg is initially standing at rest on a stationary skateboard.  

The child jumps off the skateboard and initially moves horizontally with a speed of 1.2 m s–1.  

The skateboard moves with a speed of 16 m s–1 in the opposite direction to the direction of 
motion of the child.  

Find the mass of the skateboard. 
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 MB2  Coefficient of Restitution and Newton’s Experimental 
Law. Use in direct collisions and impacts with a fixed 
smooth surface (resolving will not be required at AS, 
problems that require resolving will be required at  
A-level). 

 

  

 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should: 

• know that the coefficient of restitution, e, is such that 0 ≤ e ≤ 1 

• understand and answer questions on direct collisions between particles 

• know that in a perfectly elastic collision e = 1 

• know that in an inelastic collision e = 0 

• know Newton’s Experimental Law: speed of separation = e ×  speed of approach. 

Notes 
• At AS the fixed surface will be perpendicular to the direction of motion of the particle. 

 

 
 Examples  

 1 A smooth sphere A, of mass m, moves with speed 4u in a straight line on a smooth table.  

A smooth sphere B, of mass 3m, has the same radius as A and moves on the table with speed 
2u in the same direction as A. 

 

 

 

 

 

The sphere A collides directly with sphere B. The coefficient of restitution between A and B is e. 

 

  (a) Find, in terms of u and e, the speeds of A and B immediately after the collision.  

  (b) Show that the speed of B after the collision cannot be greater than 3u.  

  
(c) Given that 2

3
=e  find the magnitude of the impulse exerted on B in the collision. 
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 2 A ball is dropped from a height of 2.5 m above a horizontal floor. The ball bounces repeatedly 

on the floor. 
 

  (a) Find the speed of the ball when it first hits the floor.  

  (b) The coefficient of restitution between the ball and the floor is e.  

   Show that the time taken between the first contact of the ball with the floor and the 

second contact of the ball with the floor is 10
7

e seconds. 

 

 

 Only assessed at A-level  

 Teaching guidance  

 Students should: 

• know that in an oblique impact with a fixed surface, Newton’s Experimental Law applies for the 
components of speed perpendicular to the surface 

• know that in an oblique impact with a smooth fixed surface the component of velocity parallel to 
the surface is unchanged by the impact 

• know that in an oblique impact with a rough fixed surface the speed parallel to the surface is 
reduced by the impact. 

Notes 
• Problems will not require detailed calculation of the frictional force acting in an impact with a 

fixed rough surface. 
• Oblique impacts between particles will not be assessed. 
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 Example  

 1 The diagram shows part of a horizontal snooker table of width 1.69 m. 

A player strikes the ball directly, and it moves in a straight line.  

The balls hits the cushion of the table at C before rebounding and moving to the pocket at P at the 
corner of the table, as shown in the diagram. The point C is 1.20 m from the corner A of the table.  

The ball has mass 0.15 kg and, immediately before the collision with the cushion, it has velocity u in 
a direction inclined at 60º to the cushion.  

The table and the cushion are modelled as smooth. 

 

 

  (a) Find the coefficient of restitution between the ball and the cushion.  

  (b) Show that the magnitude of the impulse on the cushion at C is approximately 0.236u.  

  (c) Find, in terms of u, the time taken between the ball hitting the cushion at C and entering the 
pocket at P. 

 

  (d) Explain how you have used the assumption that the cushion is smooth in your answers.  
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 MB3  Impulse and its relation to momentum (in one or two 
dimensions). Use of Ft = mv – mu.  
(Resolving will not be required at AS, problems that 
require resolving will be required at A-level). 

 

  

 
 Assessed at AS and A-level  

 Teaching guidance  

 Students should be able to: 

• understand that impulse can be regarded as change in momentum and that it is a vector quantity 

• know and be able to use:  

 

 I = mv – mu

 

I = mv – mu I = Ft I = Ft 

 

 • understand that when two bodies collide, the impulse acting on each is equal and opposite, as a 
corollary of Newton’s third law. 

 

 Notes  

 Questions may be set that require candidates to determine the average force exerted during a 
collision, or the duration of a collision. 

 

 
 Examples  

 1 Two smooth spheres, A and B, have equal radii and masses m and 2m respectively.  

The spheres are moving on a smooth horizontal plane.  

A has velocity (4i + 3j) ms-1 when it collides with B which has velocity (–2i + 2j) ms-1 

Immediately after the collision, the velocity of B is (i + j) ms-1 

 

  (a) Find the velocity of A immediately after the collision.  

  (b) Find the impulse exerted by B on A.  
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 2 Three smooth spheres, A, B and C, of equal radii have masses 1 kg, 3 kg, and x kg 
respectively.  

The spheres lie at rest in a straight line on a smooth horizontal surface with B between A and C.  

The sphere A is projected with speed 3u directly towards B and collides with it. 

 

The coefficient of restitution between each pair of spheres is 1
3

 

 

  (a) Show that A is brought to rest by the impact and find the speed of B, in terms of u, 
immediately after the collision. 

 

  (b) Subsequently, B collides with C.  

 
  (i) Show that the speed of C immediately after the collision is 

+
4

3
u

x
 

 

   (ii) Find the speed of B immediately after the collision in terms of u and x.  

  (c) Show that B will collide with A again if x > 9.  

  (d) Given that x = 5, find the magnitude of the impulse exerted on C by B in terms of u.  
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 Only assessed at A-level  

 Questions may be set where it is necessary to resolve forces or velocities.  

 

 Example  

 1 A particle, A, of mass 0.5 kg, is moving with a velocity of 3 m s–1 in a direction that is 30º above 
the horizontal and to the right, as shown in the diagram. 

 

 
 

 

A 10 newton force is applied to the particle at 30º above the horizontal and to the left as shown 
below. 

 

 

 

If the 10 newton force is applied for 2 seconds, work out the magnitude and direction of the 
velocity of the particle after the 10 N force has been applied. 
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 MB4  Impulse for variable forces. One dimension only.  
Use of dI F t= ∫  

 

  
 

 Assessed at AS and A-level  

 Teaching guidance  

 
Students should be able to use dI F t= ∫  for a variable force.  

 
 Examples   

 1 A particle of mass 0.5 kg is initially at rest.  

The particle then moves in a straight line under the action of a single force of magnitude (t3 + t) 
newtons, where t is the time, in seconds, for which the force has been acting. 

 

  (a) Find the magnitude of the impulse exerted by the force between the times t = 0 and t = 4.  

  (b) Hence find the speed of the particle when t = 4.  

  (c) Find the time taken for the particle to reach 12 m s–1.  

 2 A particle of mass 0.2 kg lies at rest on a smooth horizontal table.  

A horizontal force of magnitude F newtons acts on the particle in a constant direction for 0.1 s  

At time t seconds 25000 0 0.1,F t t= ≤ ≤  

Find the value of t when the speed of the particle is 2 m s–1 

 

 

 

3 An ice-hockey player of mass 60 kg slides in a straight line at a constant speed of 5 m s–1 on the 
horizontal smooth surface of an ice rink towards the vertical perimeter wall of the rink.  

 
The player collides directly with the wall, and remains in contact with it for 0.5 seconds. 

At time t seconds, after coming into contact with the wall, the force exerted by the wall on the player is 
4 × 104t2 (1 – 2t) newtons, where 0 0.5≤ ≤t  

 

  (a) Find the magnitude of the impulse exerted by the wall on the player.  

  (b) The player rebounds from the wall. Find the player’s speed immediately after the collision.  
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MC 

 Work, energy and power  

 

 MC1  Work done by a force acting in the direction of motion or 
directly opposing the motion. Use of dcosθ=WD F  

 

  
 

 Teaching guidance  

 Students should: 

• know and be able to use the formula: work done = force ×  distance for a constant force 

• understand that the total energy in a system can be increased or decreased by work done by or 
against an external force. 

 

 Notes  

 Questions may be set in contexts that include work done against a frictional force or resistance forces.  

 

 Example       

 1 A block of mass 4 kg slides on a rough surface with an initial velocity of 5 m s–1.  

  (a) Calculate the work done by friction in bringing the block to rest.  

  (b) The block slides for 2.5 metres before coming to rest. Find the coefficient of friction 
between the block and the rough surface. 

 

 Only assessed at A-level  

 Teaching guidance  

 Students should know and be able to use d cosθ=WD F  for work done by a constant force acting 
at an angle to the direction of motion. 
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 Example    

 1 An inextensible rope is attached to a sledge which is at rest on a horizontal surface.  

A force of magnitude 40 N at an angle of 30º to the horizontal is applied to the sledge. 
 

 
 

Calculate the work done by the force as the sledge is moved 5 metres along the surface. 
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 MC2  Gravitational potential energy. Use in conservation of  
energy problems. 

 

  
 
 Assessed at AS and A-level 
 Teaching guidance 

 Students should: 

• know and be able to use the formula PE = mgh 

• understand that this results from the work done against weight due to a change in height 

• understand that total energy may increase/decrease due to work done by/against an external 
force. 

 Notes 

 Questions may be set where gravitational potential energy is converted to or from kinetic energy or 
elastic potential energy. 

 

 Examples 

 1 John is at the top of a cliff, looking out over the sea. He throws a rock, of mass 3 kg, 
horizontally, with a velocity of 4 m s–1. 

The rock falls a vertical distance of 51 metres to reach the surface of the sea.  

Calculate the potential energy lost by the rock when it reaches the surface of the sea. 

 

 2 A particle is placed on a smooth line which is inclined at an angle of 20º to the horizontal.  

The particle, of mass 4 kg, is released from rest at A and travels down the plane, passing through 
B.  

The distance AB is 5 m. 

  
 

Find the potential energy lost as the particle moves from A to B. 

 

 3 An eagle has caught a salmon of mass 3 kg. When the eagle is flying with speed 8 m s–1, it drops 
the salmon. The salmon falls a vertical distance of 13 metres back into the sea. 

The salmon’s weight is the only force that acts on it as it falls to the sea. 

Calculate the potential energy lost by the salmon as it falls into the sea.  

 

 
 



 
 

 
 

 

22  Version 3.0 

 MC3  Kinetic energy. Use in conservation of energy problems. 

 

 

  
 

 Assessed at AS and A-level 

 Teaching guidance 

 Students should: 

• know and be able to use 21
2

=KE mv  

• understand that the total energy of a system may be changed through work done by or against an 
external force 

• be able to use energy to find the speed of a particle as it moves in a vertical circle. 

 Notes 

 Questions may be set where kinetic energy is converted to or from gravitational potential energy or 
elastic potential energy. 

 

 Examples  

 1 Use g = 9.81 ms-2 

A stone of mass 0.4 kg, is thrown vertically upwards with a speed of 8 m s–1 from a point 6 m 
above the ground. 

 

  (a) Calculate the initial kinetic energy of the stone.  

  (b) (i) Show that the kinetic energy of the stone when it hits the ground is 36.3 J, correct to 
three significant figures. 

 

   (ii) Hence find the speed at which the stone hits the ground. 

   (iii) State one assumption that you have made. 
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 2 A ball of mass 0.6kg is thrown vertically upwards from ground level with an initial speed of  
14 m s–1. 

 

  (a) Calculate the initial kinetic energy of the ball.  

  (b) Assuming that no resistance forces act on the ball, use an energy method to find the 
maximum height reached by the ball. 

 

  (c) An experiment is conducted to confirm the maximum height of the ball in part (b). In this 
experiment the ball rises to a height of only 8 metres. 

 

   (i) Find the work done against the air resistance force that acts on the ball as it moves.  

   (ii) Assuming that the air resistance force is constant, find its magnitude. 

  (d) Explain why it is not realistic to model the air resistance as a constant force. 

 

 3 In an Olympic diving competition, Kim, who has mass 58 kg, dives from a fixed platform,  
10 metres above the surface of the pool. She leaves the platform with a speed of 2 m s–1. 

Assume that Kim’s weight is the only force that acts on her after she leaves the platform.  

Kim is modelled as a particle which is initially 1 metre above the platform.  

 

  (a) Calculate Kim’s initial kinetic energy.  

  (b) By using conservation of energy, find Kim’s speed when she is 6 metres below the 
platform. 

 

 

 4 A bead, of mass m, moves on a smooth circular ring, of radius a, which is fixed in a vertical 
plane.  

At the highest point on the ring, the speed of the bead is 2u; at the lowest point on the ring, the 
speed of the bead is 5u. 

Show that 
4
21

=
agu  
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 MC4  Hooke’s Law including using modulus of elasticity.  

Use of T = kx or λT = x
l

  

 

  

 

 Assessed at AS and A-level 

 Teaching guidance 

 Students should: 

• be familiar with the terms ‘modulus of elasticity’ ( λ ) and ‘stiffness’ (k) 

• know that the units of the modulus of elasticity are newtons (N) and the units of stiffness  
are N m–1 

• know that the tension in a stretched elastic string or spring is proportional to the extension 

• know that springs may be compressed or stretched 

• know that springs and strings will be modelled as light 

• understand that the term natural length is used to describe the length of a spring or string when it 
is just taut and there is no tension. 

 Notes 

 At A-level, questions may be set on inclined planes where forces have to be resolved. 

 

 Examples  

 1 Two small blocks, A and B, have masses 0.8 kg and 1.2 kg respectively.  

A spring has a natural length 0.5 metres and modulus of elasticity 49 N.  

One end of the spring is attached to the top of the block A and the other end of the spring is 
attached to a fixed point O. 

The system hangs in equilibrium with the blocks stuck together, as shown in the diagram. 

 

 
 

Find the extension of the spring. 
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 2 When a spring has a mass of 1 kg suspended in equilibrium from it, the length of the spring is 
10 cm.  

When the same spring is used to suspend a mass of 2 kg, its length is 12 cm 

Find the natural length of the spring. 

 

 3 A particle, of mass 8 kg, is attached to one end of a length of elastic string. The particle is 
placed on a smooth horizontal surface. The other end of the string is attached to a point O fixed 
on the horizontal surface. 

The elastic string has natural length 1.2 m and modulus of elasticity 192 N. 

 

 
 

The particle is set in motion on the horizontal surface so that it moves in a circle, centre O, with 
constant speed 3 m s–1. 

Find the radius of the circle. 

 
 4 A light elastic string has one end attached to a point A fixed on a smooth plane inclined at 30o to 

the horizontal. The other end of the string is attached to a particle of mass 6 kg.  

The elastic string has natural length 4 metres and modulus of elasticity 300 newtons. 

The particle is pulled down the plane in the direction of the line of greatest slope through A. The 
particle is released from rest when it is 5.5 metres from A. 

 
 

Find the initial acceleration of the particle the instant it is released. 
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 MC5  Work done by a variable force. Use of dWD F x= ∫ .  

Use in conservation of energy problems. 

 

  
 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should be able to: 

• calculate the work done by a force when given a force as a function of distance  

• derive the formula for energy stored in a spring/elastic string either by integrating or finding the 
area under a force-extension graph by considering the area of a triangle. 

 

 Notes  

 At A-level, questions may involve work done by a constant force acting at an angle to the direction of 
motion. 

 

 
 Examples  

 1 An elastic string has a natural length l and modulus of elasticity λ . The string is stretched 
from length l to length l + e. 

Show by integration, that the work done in stretching the string is 
e
l

λ 2

2
 

 

 
 2 A particle of mass 2 kg is held at rest on a smooth surface. The particle is repelled from a fixed 

point, A, on the surface by a force, F, given by F
x

= 2

1 , where x is the distance between the 

particle and A. 

Initially, the particle is 0.1 metres from A when it is released and begins to move in a straight 
line away from A. 

 

  (a) Calculate the work done by the force on the particle as it moves to a distance of 
0.3 metres from A. 

 

  (b) Calculate the speed of the particle when it is 0.3 metres from A.  
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 MC6  Elastic Potential Energy using modulus of elasticity. Use 

of kxEPE =
2

2
 and x

l
EPE λ

=
2

2
. Use in conservation of 

energy problems. 

 

  

 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should know that the total energy of a system may be changed through work done by or 
against an external force. 

 

 

 Notes  

 Questions may be set where elastic potential energy is converted to or from kinetic energy or 
gravitational potential energy. 

 

 

 Examples  

 1 A bungee jumper, of mass 49 kg, is attached to one end of a light elastic cord of natural length  
22 metres and modulus of elasticity 1078 newtons. The other end of the cord is attached to a 
horizontal platform, which is at a height of 60 metres above the ground. 
The bungee jumper steps off the platform at the point where the cord is attached, and falls 
vertically.  

When the bungee jumper has fallen x metres, his speed is v m s–1
. 

 

  (a) By considering energy, show that, when x is greater than 22, 5v2 = 318x – 5x2 – 2420  

  (b) Explain why x must be greater than 22 for the equation in part (a) to be valid.  

  (c) Find the maximum value of x.  

  (d) (i) Show that the speed of the bungee jumper is at a maximum when x = 31.8. 

   (ii) Hence find the maximum speed of the bungee jumper. 
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 2 A bungee jumper, of mass 80 kg, is attached to one end of a light elastic cord, of natural length  
16 metres and modulus of elasticity 784 N. The other end of the cord is attached to a horizontal 
platform, which is at a height of 65 metres above the ground. 

The bungee jumper steps off the platform at the point where the cord is attached and falls 
vertically. 

 

  (a) Find the length of the cord when the acceleration of the bungee jumper is zero.  

  (b) The cord extends by x metres beyond its natural length before the bungee jumper first 
comes to rest. 

 

   (i) Show that x2 – 32x – 512 = 0 

   (iii) Find the distance above the ground at which the bungee jumper first comes to rest. 

 

 3 Zoe carries out an experiment with a block, which she places on the horizontal surface of an ice 
rink. She attaches one end of a light elastic string to a fixed point, A, on a vertical wall at the 
edge of the ice rink at the height of the surface of the ice rink. 

The block, of mass 0.4kg, is attached to the other end of the string. The string has natural length 
5 m and modulus of elasticity 120 N. 

The block is modelled as a particle which is placed on the surface of the ice rink at a point B, 
where AB is perpendicular to the wall and of length 5.5 m.  

 

 
 

The block is set into motion at the point B with speed 9 m s–1 directly towards the point A. The 
string remains horizontal throughout the motion. 

 

  (a) Initially, Zoe assumes that the surface of the ice rink is smooth. 

Using this assumption, find the speed of the block when it reaches the point A. 

 

  (b) Zoe now assumes that friction acts on the block. The coefficient of friction between the 
block and the surface of the ice rink is µ. 

 

   (i) Find in terms of g and µ, the speed of the block when it reachesrf the point A.  

   (ii) The block rebounds from the wall in the direction of the point B. The speed of the 
block immediately after the rebound is half of the speed with which it hit the wall. 

Find µ if the block comes to rest just as it reaches the point B. 
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 MC7  Power (resolving will not be required at AS, problems 
that require resolving will be required at A-level).  

Use of P = Fv. 

 

  

 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should understand that power is the rate at which a force does work.  

For a constant force this is given by P =
work done

time
 

At an instant, P = Fv can be used. 

 

 Notes  

 Questions may be set including resistance forces as a function of velocity.   

 

 Examples  

 1 A train, of mass 22 tonnes, moves along a straight horizontal track.  

A constant resistance force of 50 000 N acts on the train. The power output of the engine of the 
train is 240 kW. 
Find the acceleration of the train when its speed is 20 m s–1. 

 

 

 2 A car travels along a straight horizontal road. When its speed is v m s–1, the car experiences a 
resistance force of magnitude 25v newtons. 

 

  (a) The car has a maximum constant speed of 42 m s–1 on this road. 

Show that the power being used to propel the car at this speed is 44 100 watts. 

 

  (b) The car has mass 1500 kg. 

Find the acceleration of the car when it is travelling at 15 m s–1 on this road under a power 
of 44 100 watts. 

 

 

 3 A motorcycle has a maximum power of 72 kilowatts. The motorcycle and its rider are travelling 
along a straight horizontal road. When they are moving at a speed of V m s–1, they experience a 
total resistance force of magnitude kV newtons, where k is a constant. 

The maximum speed of the motorcycle and its rider is 60 m s–1. 

Show that k = 20. 
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 Only assessed at A-level  

 4 A van, of mass 1500 kg, travels at a constant speed of 22 m s–1 up a slope inclined at an  

angle θ to the horizontal, where θ =
1

sin
25

 

The van experiences a resistance force of 8000 N. 

Find the power output of the van’s engine, giving your answer in kilowatts. 

 

 5 A van, of mass 1400 kg, is accelerating at a constant rate of 0.2 m s–2 as it travels up 

a slope inclined at an angle θ  to the horizontal. 

The van experiences total resistance forces of 4000 N. 

When the van is travelling at a speed of 20 m s–1, the power output of the van’s engine  
is 91.1 kW. 

Find θ. 
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 MD  Circular motion  

  

 

 MD1  Motion of a particle moving in a circle with constant 
speed (knowledge of radians assumed). 

 

  
 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should understand that constant speed does not imply constant velocity.  

 Notes  

 Problems will involve either horizontal circles or situations, such as a satellite describing a circular 
orbit, where the gravitational force is towards the centre of the circle. 

 

 

 Examples  

 1 A satellite orbits a planet every 12 hours.  

Assuming the satellite follows a circular path, at a distance of approximately 45 000 km from the 
centre of the planet, estimate the speed of the satellite relative to the planet in metres per 
second. 

 

 

 2 A particle moves in a circle with a constant speed of 6 m s–1. The particle completes one 
revolution in 0.2 seconds. Calculate the radius of the circle. 

 

 

 3 A particle moving in a circular path has a constant speed of 10 m s–1. Explain why the particle 
does not have constant velocity. 
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 MD2  Understand the definition of angular speed. Use both 
radians and revolutions per unit time.  

 

  
 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should: 

• understand radian measure in circular motion at AS as well as A-level.  

• know that: 

 one revolution = 2π radians 

 one revolution per second = 2π radians per second 

 time for one revolution = 
π2

angular speed
 

• be able to convert between non-standard units and radians per second. 

 

 

 Examples  

 1 The earth takes approximately 365 days to orbit the sun. What is the angular velocity of the 
earth in radians per second? 
Circle your answer. 

 

  365 2 x 10–7 2π 1 x 10–5  

 

 2 A turntable rotates at a constant 45 revolutions per minute.  

Find the angular speed of the turntable in radians per second. 
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 MD3  Relationships between speed, angular speed, radius  
and acceleration.  

Use of v rω= , a rω= 2
 and va

r
=

2

 

 

  

 

 Assessed at AS and A-level  

 Teaching guidance  

 Students should be able to: 

• understand and use the following relationships: 
 

 
v rω=  a rω= 2  

va
r

=
2

 
 

 • use acceleration toward the centre of the circle and F = ma to solve problems involving forces.  

 

 Examples  

 1 A car of mass 1200 kg travels round a roundabout on a horizontal, circular path at a constant 
speed of 14 m s–1. The radius of the circle is 50 metres.  

 

  (a) A frictional force, directed towards the centre of the roundabout, acts on the car as it 
moves.  

Show that the magnitude of this frictional force is 4704 N. 

 

  (b) The coefficient of friction between the car and the road is µ. Show that µ > 0.4  

 

 2 Tom is travelling on a train which is moving at a constant speed of 15 m s–1 on a horizontal 
track. Tom has placed his mobile phone on a rough horizontal table. The coefficient of friction 
between the phone and the table is 0.2. 
The train moves round a bend of constant radius. The phone does not slide as the train travels 
round the bend. 

Model the phone as a particle moving round part of a circle, with radius r metres. 

Find the lowest possible value of r. 
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 3 Two particles, A and B, are connected by a light inextensible string which passes through a 
smooth hole in a smooth horizontal table. 

A has mass 1.4 kg and moves on the table with constant speed in a circle of radius 0.3 m 
around the hole.  

B has mass 2.1 kg and hangs in equilibrium under the table. 

 

 

 

  (a) Find the angular speed of A.  

  (b) Find the speed of A.  

  (c) Find the time taken for A to complete one full circle around the hole.  
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 Only assessed at A-level  

 Questions may be set involving resolving forces in contexts such as cars moving on banked tracks, 
particles moving on the inside of an upturned cone or hemisphere. 

 

 

 Example  

 1 A particle, P, is moving in a horizontal circle, with constant speed, inside a smooth 
hemispherical bowl, of radius a.  

The circular path of the particle is at a vertical distance a
2  

below the top of the bowl, as shown 

in the diagram. 

 
 

Show that the speed of the particle is given by 
ag3
2
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 MD4  Use position, velocity and acceleration as vectors in the 
context of circular motion. 

 

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should be able to: 

• show that motion is circular by showing that the body is at a constant distance from a given point 

• use d
dt

=v r  and d
dt

=a v  

 

 

 Examples  

 1 A particle moves on a horizontal plane in which the unit vectors i and j are directed east and 
north respectively. 

At time t seconds, the particle’s position vector, r metres, is given by  

t t   = −   
   

1 1
8 cos 8 sin

4 4
r i j  

 

  (a) Prove that the particle is moving in a circle. 

  (b) Find the angular speed of the particle. 

  (c) Find an expression for the acceleration of the particle at time t. 

  (d) State the magnitude of the acceleration of the particle. 

 

 2 A particle moves on a horizontal plane, in which the unit vectors i and j are perpendicular.  

At time t, the particle’s position vector is t t= −4cos 4sin3 3r i j  

  (a) Prove that the particle is moving on a circle, which has its centre at the origin. 

  (b) Find an expression for the velocity of the particle at time t. 

  (c) Find an expression for the acceleration of the particle at time t. 

  (d) The acceleration of the particle can be written as a = kr where k is a constant. 

   Find the value of k. 

  (e) State the direction of the acceleration of the particle. 
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 MD5  Conical pendulum, with one or two strings.  

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should be able to: 

• know that the resultant vertical force is zero 

• know that the resultant horizontal force acts towards the centre of the circle and has magnitude 
2mrω or 

mv
r

2

 

 

 Notes  

 Questions may be set with one or two strings attached to a particle moving in a horizontal circle. The 
particle may be moving on a smooth surface such as a table. 

 

 

 Examples  

 1 A particle, of mass 2 kg, is attached to one end of a light inextensible string. The other end is 
fixed to the point O.  

The particle is set into motion, so that it describes a horizontal circle of radius 0.6 metres, with 
the string at an angle of 30º to the vertical. The centre of the circle is vertically below O. 

 

 

  (a) Show that the tension in the string is 22.6 N, correct to three significant figures.  

  (b) Find the speed of the particle.  
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2 A particle, P, of mass 3 kg is attached to one end of a light inextensible string. The string passes 

through a fixed smooth ring, O, and a second particle, Q, of mass 5 kg is attached to the other 
end of the string.  

The particle Q hangs at rest vertically below the ring, and particle P moves with speed 4 m s–1 in 
a horizontal circle, as shown in the diagram. 

The angle between OP and the vertical is θ. 

 

 

  (a) Explain why the tension in the string is 49 N.  

  (b) Find θ.  

  (c) Find the radius of the horizontal circle.  

 

 3 Two light inextensible strings, of lengths 0.4 m and 0.2 m, each have one end attached to a 
particle, P, of mass 4 kg.  

The other ends of the strings are attached to the points A and B respectively. A is vertically 
above B.  

P moves in a horizontal circle, centre B and radius 0.2 m, at a speed of 2 m s–1.  

 

 
 

  (a) Calculate the magnitude of the acceleration of the particle. 

  (b) Show that the tension in string PA is 45.3 N, correct to three significant figures. 

  (c) Find the tension in string PB. 
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            4 Two light inextensible strings each have one end attached to a particle, P, of mass 4 kg.  

The other ends of the strings are attached to the fixed points A and B. The point A is vertically 
above the point B. 

The particle moves at a constant speed in a horizontal circle. The centre, C, of this circle is 
directly below the point B.  

The two strings are inclined at 30º and 50º to the vertical, as shown in the diagram. Both strings 
are taut. 

As the particle moves in the horizontal circle, the tension in the string BP is 20 N. 

 

 

  (a) Find the tension in the string AP. 

  (b) The speed of the particle is 5 m s–1. 

   Find the length CP. 
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 MD6  Circular motion in a vertical plane. Includes conditions to 
complete vertical circles. Use of conservation of energy 
in this context. 

 

  

 

 Only assessed at A-level  

 Teaching guidance  

 Students should be able to: 

• understand the conditions for particles to move in complete circles and when contact with a 
circular surface is lost 

• resolve forces toward the centre of the circle.  

 

 Notes  

 Questions may be set in contexts that include particles moving in a vertical circle on the end of a light 
inextensible string or light rod, on the inside of a circular shell, threaded on a circular hoop or on the 
outside of a circular surface. 

Questions will be set in which kinetic and gravitational potential energy can be used to solve problems 
involving the speed of a particle moving in a vertical circle. 

 

       

    Examples 

 1 A particle is attached to one end of a light inextensible string of length 3 m. The other end of the string is 
attached to a fixed point O.  

The particle is set into motion horizontally at point P with speed v, so that it describes part of a vertical 
circle whose centre is O. P is vertically below O. 

 

 

 

 

 

 

 

The particle first comes momentarily to rest at the point Q, where OQ makes an angle of 15º to the 
vertical. 

  (a) Find the value of v. 

  (b) When the particle is at rest at the point Q, the tension in the string is 22 newtons. 

Find the mass of the particle. 

 



 

 AS and A-LEVEL FURTHER MATHEMATICS TEACHING GUIDANCE  
 

Version 3.0 41 

 

 2 An item of clothing of mass 0.8 kg is placed inside a washing machine. The drum of the washing 
machine has radius 30 cm and rotates about a fixed horizontal axis, at a constant angular speed of 900 
revolutions per minute. 

Find the minimum and maximum magnitude of the normal reaction force exerted by the drum on the 
clothing, stating all the assumptions you make. 

 

 

 3 A particle, P, of mass m kg, is placed at the point Q on the top of a smooth hemisphere of radius 
3 metres and centre O.  
The plane face of the hemisphere is fixed to a horizontal surfacee. The particle is set into motion 
with an initial horizontal velocity of 2 m s–1.  

When the particle is on the surface of the hemisphere, the angle between OP and OQ is θ and 
the particle has speed v m s–1. 

 

  (a) Show that v2 = 4 + 6g(1 – cosθ). 

  (b) Find the value of θ when the particle leaves the hemisphere. 

 

 4 A light inextensible string, of length a, has one end attached to a fixed point O. A particle of 
mass m, is attached to the other end of the string.  

The particle is moving in a vertical circle with centre O. The point Q is the highest point of the 
particle’s path.  

When the particle is at P, vertically below O, the string is taut and the particle is moving with 
speed ag7 , as shown in the diagram below. 

 

  (a) Find, in terms of g and a, the speed of the particle at Q. 

  (b) Find, in terms of g and m, the tension in the string when the particle is at Q. 
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 5 A light inextensible string has length 2a. One end of the string is attached to a fixed point O and a 
particle of mass m is attached to the other end.  

Initially, the particle is held at the point A with the string taut and horizontal. The particle is then 
released from rest and moves in a circular path.  

Subsequently, it passes through the point B, which is directly below O.  

 

  (a) Show that the speed of the particle at B is ag2 . 

  (b) Find the tension in the string as the particle passes through B.  
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ME 

 Centres of mass and moments  

 

 ME1  Centre of mass for a system of particles.  

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should: 

• know that the centre of mass for a system of particles is given by ( )x y, where i i ix m m x=∑ ∑ and 

i i iy m m y=∑ ∑  

• understand the terms ‘lamina’, ‘light lamina’ and ‘uniform body’  

 

 
 Examples  

 1 Three particles are attached to a light rectangular lamina OABC, which is fixed in a horizontal 
plane. 

Take OA and OC as the x- and y-axes, as shown. 

Particle P has mass 1 kg and is attached at the point (25, 10). 

Particle Q has mass 4 kg and is attached at the point (12, 7). 

Particle R has mass 5 kg and is attached at the point (4, 18). 

 
Find the coordinates of the centre of mass of the three particles. 
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 2 A piece of modern art is modelled as a uniform lamina and three particles. The diagram shows 
the lamina, the three particles A, B and C, and the x- and y-axes. 

 
The lamina, which is fixed in the xy-plane, has mass 10 kg and its centre of mass is at the point  
(12, 9). 

The three particles are attached to the lamina. 

  Particle A has mass 3 kg and is at the point (15, 6). 

Particle B has mass 1 kg and is at the point (7, 14). 

Particle C has mass 6 kg and is at the point (8, 7). 

  Find the coordinates of the centre of mass of the piece of modern art. 
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 ME2  Centre of mass for a composite body.  

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should be able to: 

• understand that composite bodies may be formed by removing sections or cutting holes in a 
uniform object 

• understand that the centre of mass is dependent on the distribution of mass of an object 

• understand the terms ‘mass per unit area’ and ‘mass per unit volume’ 

• use symmetry to find the centre of mass of a uniform lamina when possible 

• use the formulae for the centres of mass of uniform bodies given in the Formulae booklet 

 

 Notes 
 • Questions may be set involving the centre of mass of composite bodies formed from two or 

more uniform laminas or two or more uniform bodies. 
• Questions may be set in which composite bodies are formed from uniform bodies with different 

densities, or overlapping laminas 
• Problems may involve free suspension of a composite body from a fixed point. 
• Students should understand that working with moments requires the use of forces, and that in 

a correct formal treatment of a system, weights should be used. Thus, in questions using the 
instruction “Prove…” or “Show that…” use of density or mass per unit area is expected. 

 

 Examples 

 1 The diagram shows a uniform lamina ABCDEFGH. 

 

  (a) Explain why the centre of mass is 25 cm from AH. 

  (b) Show that the centre of mass is 4.375 cm from HG.  

  (c) The lamina is freely suspended from A.  

Find the angle between AB and the vertical when the lamina hangs in equilibrium. 
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 2 A uniform rectangular lamina ABCD, of mass 1.6 kg, has side AB of length 12 cm and side BC 
of length 8 cm. 

To create a logo, a uniform circular lamina, of mass 0.4 kg, is attached to ABCD. The centre of 
the circular lamina is at the point C, as shown in the diagram. 

 

 

 

  (a) Find the distance of the centre of mass of the logo:  

   (i) from the line AB  

   (ii) from the line AD. 

  (b) The logo is suspended in equilibrium, with AB horizontal, by two vertical strings. One 
string is attached at the point A and the other string is attached at the point B. 

Find the tension of the two strings. 

 

 3 A uniform circular lamina, of radius 4 cm and mass 0.4 kg, has a centre O, and AB is a diameter.  

To create a medal, a smaller uniform circular lamina, of radius 2 cm and mass 0.1 kg, is 
attached so that the centre of the smaller lamina is at the point A, as shown in the diagram. 

 

 
 

  (a) Explain why the centre of mass of the medal is on the line AB. 

  (b) Find the distance of the centre of mass of the medal from point B.  
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 4 A uniform rectangular lamina ABCD has mass 5 kg. The side AB has length 60 cm and the side 
BC has length 30 cm.  

The points P, Q, R and S are the mid-points of the sides, as shown in the diagram. 

A uniform triangular lamina SRD, of mass 4 kg, is fixed to the rectangular lamina to form a shop 
sign. 

 

 
 

  (a) Find the distance of the centre of mass of the shop sign from AD. 

  (b) Find the distance of the centre of mass of the shop sign from AB.  

  (c) The shop sign is freely suspended from P. 

   Find the angle between AB and the horizontal when the shop sign is in equilibrium. 

  (d) To ensure that the side AB is horizontal when the shop sign is freely suspended from 
point P, a particle of mass m kg is attached to the shop sign at point B. 

   Calculate m. 
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 ME3  Centre of mass of a lamina by integration.  

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should know and be able to use the following formulae for a uniform lamina: 

dd

d d

bb

aa
b b

a a

y xxy x
x y

y x y x

ρρ

ρ ρ
= =

∫∫
∫ ∫

21
2  

Notes 

Students should understand that working with moments requires the use of forces, and that in a 
correct formal treatment of a system, weights should be used. Thus, in questions using the instruction 
“Prove…” or “Show that…” use of density or mass per unit area is expected. 

For standard laminae and solids, areas and volumes may be quoted. 

 

 

 Examples 

 1 A uniform lamina is bounded by the positive x-axis, the line x = 1 and the curve with equation  
y = k x , where k > 0. The lamina is shown in the diagram. 

 

 
 

The area of the lamina is A square units. 

  
(a) Show that the x-coordinate of the centre of mass of the lamina is k

A
2
5

 

  (b) Find, in terms of k and A, the y-coordinate of the centre of mass of the lamina. 

  (c) Given that the centre of mass of the lamina lies on the line y = x, find the value of k. 
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 2 A uniform lamina is bounded by the curve y = kx3, the line x = 2 and the x-axis, as shown in the 
diagram. 

 
 

  (a) Find an expression for the area of the lamina in terms of k. 

  (b) Find the x-coordinate of the centre of mass of the lamina. 

  (c) The y-coordinate of the centre of mass of the lamina is 8. 

   (i) Determine the value of k. 

 
 

 (ii) The lamina is freely suspended from the corner at the origin O. 

Find the acute angle between the straight edge at the point of suspension and the 
vertical. 
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 3 A uniform semicircular lamina of radius r has its centre at the origin and its axis of symmetry 
along Ox. 

The position of its centre of mass has coordinates ( )x,0  

 

 
 

 
 (a) Show that = d

r
r x x r x xπ −∫0

2 2 21
2

2
 

 
 (b) Hence prove that = rx

π
4
3
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 ME4  Centres of mass of bodies formed by rotating a region 
about the x-axis. 

 

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should know and be able to use the formula for the centre of mass of a solid of revolution 
(about the x-axis) 

d

d

b

a
b

a

xy x
x

y x

ρ

ρ

π
=

π

∫
∫

2

2
 

 

 Notes  

 • Questions will be limited to bodies formed by rotating around the x-axis; questions will not be 
set where rotation about the y-axis is required. 

• Students should understand that working with moments requires the use of forces, and that in 
a correct formal treatment of a system, weights should be used. Thus, in questions using the 
instruction “Prove…” or “Show that…” use of density or mass per unit area is expected. 

 

 

 Examples 

 
1 A uniform solid cone is formed by rotating the finite region bounded by the lines y x=

1
8

, y = 0 

and x = 8h through 2π radians about the x-axis.  

The cone is shown in the diagram. 

 

 
 

Use integration to show that the distance of the centre of mass of the cone from the origin is 6h. 
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                           2 The region bounded by the positive x-axis, the positive y-axis and the curve with equation 

y x= − 24 is shown in the diagram. 

 

    

 

 

 

 

 

 

 

   The region is rotated through 2π radians around the x-axis to form a uniform solid.  

 
 (a) Use integration to show that the volume of the solid is π16

3
 

  (b) Use integration to find the distance of the centre of mass of the solid from the y-axis. 

 

 
3 The region bounded by the line y x=

1
2

, the x-axis and the line x = 2r is shown in the diagram. 

 

 

 

 

 

 

 

 

 

 

This region is rotated about the x-axis to form a uniform solid cone of height 2r. 

 
 Show, using integration, that the centre of mass of the cone is at a distance of  r3

2
  from the origin. 
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 ME5  Conditions for sliding and toppling. Problems including 
suspension and on an inclined plane. 

 

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should be able to: 

• determine how equilibrium will be broken in situations, such as a force applied to a solid on a 
horizontal surface or on an inclined plane with an increasing slope 

• derive inequalities that must be satisfied for equilibrium. 

 

 

 Examples 

 1 A uniform cube, of side 2a and mass m, rests on a rough horizontal surface. The diagram shows 
a vertical cross-section ABCD through the centre of mass of the cube. 

 
A force, of magnitude P, is applied at the mid-point of BC. This force acts in the plane ABCD at 
an angle θ to the horizontal.  

The coefficient of friction between the cube and the surface is µ. 

  (a) In the case where the cube does not slide but is on the point of toppling about the edge 
through C, find an expression for P in terms of m, g and θ. 

 
 

(b) In the case where the cube remains upright ,but is on the point of sliding along the plane,  

show that 
mgP m

θ m θ
=

+cos sin
 

  (c) Find an inequality that µ must satisfy if the cube slides before it topples. 

  (d) Would your answer in part (c) change if the mass of the cube was doubled? Explain why. 
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 2 A uniform solid circular cylinder is in equilibrium with one circular face on a rough inclined plane. The 
plane is inclined to the horizontal at an angle α degrees, which can be varied.  

The cylinder has weight W, diameter d and height 3d. 

 

 

  (a) Draw a diagram showing the forces acting on the cylinder. 

  (b) If the plane is sufficiently rough to prevent sliding, find the maximum value of α for the cylinder to 
remain in equilibrium.  

 
 (c) The coefficient of friction between the cylinder and the plane is 2

9
 

   If the value of α is gradually increased from 0, show that the cylinder will slide before it topples. 

 
 

 3 A uniform sphere of radius a is suspended in equilibrium against a wall by a string of length 2a attached 
to a point on its surface. 

The string makes an angle of 30º with the wall and the sphere is on the point of slipping down the wall. 

Find the coefficient of friction between the sphere and the wall. 
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 ME6  Determine the forces acting on a rigid body in 

equilibrium. Use of moments and couples. 

 

  
 

 Only assessed at A-level  

 Teaching guidance  

 Students should be able to: 

• understand the concept of a couple 

• use moment of a force = F ×  d sinθ 

• reduce to a single force, a single couple or to a couple and a force acting at a point. 

• find condition(s) for equilibrium, unknown forces or points of application 

• understand the moment of force as r ×  F. 

 

 Notes 
 To include problems where forces have to be resolved, as is the case in ladder problems. 

The line of action of a resultant force may be required. 

Candidates may use vector methods to find resultant forces and moments.  
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 Examples  

                          1 A light rod AB has length 5 metres and the point C on the rod is 1 metre from A.  

The rod is on a smooth horizontal table and is acted upon by three horizontal forces of 
magnitude P, Q and 2 3 newtons. 

The force of magnitude P acts at A, at right angles to the rod. 

The force of magnitude 2 3 acts at C, at an angle of 60º to the rod. 

The force of magnitude Q acts at B, at an angle of 30º to the rod, as shown in the diagram. 

 

 

 

 

 

 

 

 

 

 

 

The three forces are equivalent to a couple. 

 

  (a) Show that Q = 2 and find the value of P. 

  (b) Determine the magnitude of the couple. 

  (c) State the sense of the couple. 

 

                       2 Two forces, i + 2j + 3k and 4i – 3j + 5k, act at the points P (1, –1, 6) and Q (0, 3, –2) 
respectively.  

These two forces together with a third force F, also acting through the point Q, form a couple. 

 

  (a) (i) Find the force F 

   (ii) Show that the magnitude of F is 3 10  

  (b) Find the moment of the couple. 
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                          3 A uniform cylinder of mass 2 kg and radius 0.1m rests in equilibrium with its curved surface in 

contact with two planes, each inclined at an angle of 30º to the horizontal.  

The line of intersection of the planes and the axis of the cylinder are horizontal. 

 

 

 

 

 

 

 

The coefficient of friction between the cylinder and each of the planes is 0.4.  

Find the maximum couple that can be applied to the cylinder, in the plane perpendicular to its 
axis if it is to remain in equilibrium.  

 

 

                          4 A smooth hollow hemisphere, of radius a and centre O, is fixed so that its rim is in the 
horizontal plane.  

A smooth uniform rod AB, of mass m, is in equilibrium, with one end A resting on the inside of 
the hemisphere and the point C on the rod being in contact with the rim of the hemisphere.  

The rod, of length l, is inclined at an angle θ to the horizontal, as shown in the diagram. 

 

 
 

 

  (a) Explain why the reaction between the rod and the hemisphere at point A acts through O. 

  (b) Draw a diagram to show the forces acting on the rod. 

 
 (c) Show that al θ

θ
=

4 cos2
cos
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                          5 A uniform ladder AB, of length 6 metres and mass 22 kg, rests with its foot, A, on rough 
horizontal ground. The ladder rests against the top of a smooth vertical wall at the point C, 
where the length AC is 5 metres.  

The vertical plane containing the ladder is perpendicular to the wall and the angle between the 
ladder and the ground is 60º.  

A man, of mass 88 kg, is standing on the ladder. The man may be modelled as a particle at the 
point D, where the length of AD is 4 metres. 

The ladder is on the point of slipping. 

 

 

 

  (a) Draw a diagram to show the forces acting on the ladder. 

  (b) Find the coefficient of friction between the ladder and the horizontal ground. 
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A1 

 Appendix 1 
Mathematical notation for AS and A-level 
qualifications in Maths and Further Maths 

 

 

 The tables below set out the notation that must be used by AS and A-level Mathematics and Further 
Mathematics specifications. Students will be expected to understand this notation without need for 
further explanation.  

AS students will be expected to understand notation that relates to AS content, and will not be 
expected to understand notation that relates only to A-level content. 

 

 

 1 Set notation  

 1.1 ∈ is an element of  

 1.2 ∉ is not an element of  

 1.3 ⊆  is a subset of  

 1.4 ⊂  is a proper subset of  

 1.5 { }1 2, ,...x x  the set with elements x x1 2, ,...   

 1.6 { }: ...x  the set of all x such that …  

 1.7 ( )n A  the number of elements in set A  

 1.8 ∅  the empty set  

 1.9 ε  the universal set  

 1.10 ′A  the complement of the set A  

 1.11 
  the set of natural numbers, { }1,2,3,...   

 1.12 
  the set of integers, { }0, 1, 2, 3,...± ± ±   

 1.13 +
  the set of positive integers, { }1,2,3,...   

 1.14 0
+
  the set of non-negative integers, { }0,1,2,3,...   
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 1.15 
  the set of real numbers  

 1.16   the set of rational numbers, : , + 
∈ ∈ 

 
 

p p q
q

 

 1.17 ∪  union 

 1.18 ∩  intersection 

 1.19 ( ),x y  the ordered pair x, y 

 1.20 [ ],a b  the closed interval { }:∈ ≤ ≤x a x b  

 1.21 [ ),a b  the interval { }:∈ ≤ <x a x b  

 1.22 ( ],a b  the interval { }:∈ < ≤x a x b  

 1.23 ( ),a b  the open interval { }:∈ < <x a x b  

 

 1 Set notation (Further Mathematics only) 

 1.24 
  the set of complex numbers 

 

 2 Miscellaneous symbols 

 2.1 =  is equal to 

 2.2 ≠  is not equal to 

 2.3 ≡  is identical to or is congruent to 

 2.4 ≈  is approximately equal to 

 2.5 ∞  infinity 

 2.6 ∝  is proportional to 

 2.7 ∴ therefore  

 2.8  because 

 2.9 < is less than 

 2.10 ≤  is less than or equal to, is not greater than 
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 2.11 > is greater than 

 2.12 ≥  is greater than or equal to, is not less than  

 2.13 ⇒p q  p implies q (if p then q)  

 2.14 ⇐p q  p is implied by q (if q then p)  

 2.15 ⇔p q  p implies and is implied by q (p is equivalent to q)  

 2.16 a first term of an arithmetic or geometric sequence  

 2.17 l last term of an arithmetic sequence  

 2.18 d common difference of an arithmetic sequence  

 2.19 r common ratio of a geometric sequence  

 2.20 Sn sum to n terms of a sequence  

 2.21 ∞S  sum to infinity of a sequence  

 

 3 Operations  

 3.1 a + b a plus b  

 3.2 a – b a minus b  

 3.3 ×a b , ab, a.b a multiplied by b  

 3.4 ÷a b , a
b

 a divided by b 
 

 3.5 
1

∑
n

i
i=

a  a1 + a2 + … an 
 

 3.6 
1

∏
n

i
i=

a  a1 ×  a2 ×  … an 
 

 3.7 a  the non-negative square root of a  

 3.8 a  the modulus of a  

 3.9 n! n factorial: n! = n ×  (n – 1) ×… ×2 ×1, ∈n ; 0! = 1  
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 3.10 
 
 
 

n
r

, n
rC , n rC  

the binomial coefficient 
( )

!
! !−

n
r n r

for n r r n+∈ ≤0, ,  

or 
( ) ( )!

!
1 1...− − +n n n r

r
for 0, +∈ ∈ n r  

 

 4 Functions 

 4.1 f(x) the value of the function f at x 

 4.2 f : x  y the function f maps the element x to the element y 

 4.3 f–1 the inverse function of the function f 

 4.4 gf 
the composite function of f and g which is defined by 

( )gf( = g f() )x x  

 4.5 x a→
lim  f(x) the limit of f(x) as x tends to a 

 4.6 ∆x , δx  an increment of x 

 4.7 
d
d
y
x

 the derivative of y with respect to x 

 4.8 
nd

d n

y
x

 the nth derivative of y with respect to x 

 4.9 ( )f ( ) f ( ) ... f ( )nx x x′ ′′, , ,  the first, second, …, nth derivatives of f(x) with respect to x 

 4.10 x  x  ... , ,  the first, second, … derivatives of x with respect to t 

 4.11 d∫ y x  the indefinite integral of y with respect to x 

 4.12 d
b

a
y x∫  the definite integral of y with respect to x between the limits 

 x = a and x = b 

 

 5 Exponentials and logarithmic functions  

 5.1 e base of natural logarithms  

 5.2 ex, exp x exponential function of x  

 5.3 loga x logarithm to the base a of x  

 5.4 ln x, loge x natural logarithm of x  
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 6 Trigonometric functions  

 
6.1 




sin, cos, tan
cosec, sec, cot

 the trigonometric functions 
 

 6.2 




–1 –1 –1sin , cos , tan
arcsin, arccos, arctan

 the inverse trigonometric functions 
 

 6.3 °  degrees  

 6.4 rad radians  

 

 6 Trigonometric and hyperbolic functions (Further Mathematics only)  

 6.5 




–1 –1 –1cosec , sec , cot
arccosec, arcsec, arccot

 the inverse trigonometric functions 
 

 6.6 




sinh, cosh, tanh
cosech, sech, coth

 the hyperbolic functions 
 

 6.7 

–1 –1 –1

–1 –1 –1

sinh , cosh , tanh

cosec h , sec h , coth





 

arsinh, arcosh, artanh
arcosech, arsec h, arcoth





 

the inverse hyperbolic functions 
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 7 Complex numbers (Further Mathematics only) 

 7.1 i square root of –1 

 7.2 x + iy complex number with real part x and imaginary part y 

 7.3 ( )ir θ θ+cos sin  modulus-argument form of a complex number with modulus r 
and argument θ 

 7.4 z a complex number, z = x + iy = ( )ir θ θ+cos sin  

 7.5 Re(z) the real part of z, Re(z) = x 

 7.6 lm(z) the imaginary part of z, lm(z) = y 

 7.7 z  the modulus of z, 2 2=z x + y  

 7.8 arg(z) the argument of z, arg(z) = θ, – π< θ ≤ π  

 7.9 z* the complex conjugate of z, x – iy 

 

 8 Matrices (Further Mathematics only) 

 8.1 M a matrix M 

 8.2 0 zero matrix 

 8.3 I identity matrix 

 8.4 M–1 the inverse of the matrix M 

 8.5 MT the transpose of the matrix M 

 8.6  ∆ , det M or M  the determinant of the square matrix M 

 8.7 Mr image of column vector r under the transformation associated 
with the matrix M 

 

 9 Vectors 

 9.1 a  a  a  aa 



, , , ,  the vector a  a  a  aa 



, , , , ; these alternatives apply throughout 
section 9 

 9.2 AB


 
the vector represented in magnitude and direction by the 
directed line segment AB 
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 9.3 â  a unit vector in the direction of a 

 9.4 i, j, k unit vectors in the directions of the Cartesian coordinate axes  

 9.5 a , a the magnitude of a  

 9.6 AB


, AB the magnitude of AB


  

 9.7 
 
 
 

a
b

, +i ja b  column vector and corresponding unit vector notation 
 

 9.8 r position vector  

 9.9 s displacement vector  

 9.10 v velocity vector  

 9.11 a acceleration vector  

 

 9 Vectors (Further Mathematics only)  

 9.12 a.b the scalar product of a and b   

 

 10 Differential equations (Further Mathematics only)  

 10.1 ω  angular speed   

 

 11 Probability and statistics  

 11.1 A, B, C, etc events  

 11.2 ∪A B  union of the events A and B  

 11.3 ∩A B  intersection of the events A and B  

 11.4 ( )P A  probability of the event A  

 11.5 ′A  complement of the event A  

 11.6 ( )P |A B  probability of the event A conditional on the event B  

 11.7 X, Y, R, etc random variables  

 11.8 x, y, r, etc values of the random variables X, Y, R, etc  
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 11.9 x x1 2, ,...  values of observations  

 11.10 f1, f 2, … frequencies with which the observations x x1 2, ,...  occur 

 11.11 p(x), P(X = x) probability function of the discrete random variable X 

 11.12 p p1 2, ,...  probabilities of the values x x1 2, ,...  of the discrete random 
variable X 

 11.13 E(X) expectation of the random variable X 

 11.14 Var(X) variance of the random variable X 

 11.15   has the distribution 

 11.16 B(n, p) binomial distribution with parameters n and p, where n is the 
number of trials and p is the probability of success in a trial 

 11.17 q q = 1 – p for binomial distribution 

 11.18 ( )2N ,m σ  Normal distribution with mean m and variance 2σ  

 11.19 ( )N 0,1Z  standard Normal distribution 

 11.20 φ  
probability density function of the standardised Normal variable 
with distribution ( )0,1N  

 11.21 Φ  corresponding cumulative distribution function 

 11.22 m  population mean 

 11.23 2σ  population variance 

 11.24 σ  population standard deviation 

 11.25 x  sample mean 

 11.26 s2 sample variance 

 11.27 s sample standard deviation 

 11.28 H0 null hypothesis 

 11.29 H1 alternative hypothesis 

 11.30 r product moment correlation coefficient for a sample 

 11.31 ρ  product moment correlation coefficient for a population 
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 12 Mechanics  

 12.1 kg kilogram(s)  

 12.2 m metre(s)  

 12.3 km kilometre(s)  

 12.4 m/s, m s–1 metre(s) per second (velocity)  

 12.5 m/s2, m s–2 metre(s) per second per second (acceleration)  

 12.6 F force or resultant force  

 12.7 N newton  

 12.8 Nm newton metre (moment of force)  

 12.9 t time  

 12.10 s displacement  

 12.11 u initial velocity  

 12.12 v velocity or final velocity  

 12.13 a acceleration  

 12.14 g acceleration due to gravity  

 12.15 m  coefficient of friction  
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 A2  Appendix 2 
Mathematical formulae and identities 

 

  

 

 

 

Students must use the following formulae and identities for AS and A-level Mathematics and Further 
Mathematics, without these formulae and identities being provided, either in these forms or in 
equivalent forms. These formulae and identities may only be provided where they are the starting point 
for a proof or as a result to be proved. 

 

 

 Pure mathematics 

 Quadratic equations ax2 + bx + c = 0 has roots 
2 4

2
− ± −b b ac

a
 

 

Laws of indices ≡x y x+ya a a  
–÷ ≡x y x ya a a  

x y xya a≡( )  

 

Laws of logarithms log= ⇔n
ax a n = x for a > 0 and x > 0 

( )log log log≡a a ax + y xy  

log log log
 

− ≡  
 

a a a
xx y
y

 

log log ( )≡ k
a ak x x  

 

Coordinate geometry A straight line, gradient m passing through ( x y1 1, ) has equation 

1 1( )y y m x x− = −   

 

Straight lines with gradients m1  and m2  are perpendicular when 
m m1 2 = –1 

 

Sequences General term of an arithmetic progression: 

un = a + (n – 1)d 
 

General term of a geometric progression: 

un = arn – 1 
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Trigonometry In the triangle ABC: 

sine rule: 
sin sin sin A B C

= =
a b c  

cosine rule: 2 2 2 2 cos A= + −a b c bc  

area: 
1 sin 
2

Cab  

 

A+ A ≡2 2cos sin 1 
2 2sec 1 tan≡A + A  

2 2cosec 1 cot≡A + A  

 
sin2 2sin cos≡A A A  

2 2cos2 sincos≡ −A A A  

2tan2
tan

2tan
1

≡
−

AA
A

 

 

Mensuration Circumference (C) and area (A) of a circle, radius r and diameter d. 

2= π πC r = d  
2= πA r  

 

Pythagoras’ Theorem: In any right-angled triangle, where a, b and c 
are the lengths of the sides and c is the hypotenuse: 

2 2 2c = a +b  

 

Area of a trapezium: 1
2

( )+a b h  where a and b are the lengths of the 

parallel sides and h is their perpendicular separation 

 

Volume of a prism =  area of cross section ×  length 

 

For a circle or radius r, where an angle at the centre of θ radians 
subtends an arc of length s and encloses an associated sector of area 
A: 

s = r θ 

21
2

θ=A r   
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 Calculus and differential equations Differentiation 

Function Derivative 

xn nxn–1 

sin kx k cos kx 

cos kx  –k sin kx 

ekx kekx 

ln x 
1
x

 

f(x) + g(x) f g( ) ( )+′ ′x x  

f(x)g(x) f g gf( ) ( ) ( ) ( )+′ ′x x x x  

( )f g( )x  ( )f g g( ) ( )′ ′x x  

 

Integration 

Function Derivative 

xn 11
, 1

1
+ + ≠ −

+
nx c n

n
 

cos kx 
1

sin +kx c
k

 

sin kx 
1

cos +− kx c
k

 

ekx e1
+kx c

k
 

1
x

 ln 0+ ≠x c, x  

f g( ) ( )+′ ′x x  f g c( ) ( )+ +x x  

( )f g g( ) ( )′ ′x x  ( )f g c( ) +x  

 

Area under a curve d 0( )= ≥∫
b

a

y x y  
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 Vectors x y z x y z+ + = + +2 2 2( )i j k  

 

 Mechanics 

 

Forces and equilibrium Weight = mass x g 
Friction: m≤F R  

Newton’s second law in the form: F = ma 

 

Kinematics For motion in a straight line with variable acceleration: 

d
d
rv =
t

 

d d
d d

2

2=
v ra =
t t

 

d∫r = v t  

d∫v = a t  

 

 Statistics 

 The mean of a set of data =∑ ∑
∑

x fx
x =

n f
 

 The standard Normal 
variable 

m
σ
−XZ =  where ( )2N ,m σX  
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